Inequalities are frequently used for solving practical engineering problem. There are two key issues of bounding inequalities; one is to find the bounds, and the other is to prove the bounds. This paper takes Wilker type inequalities as an example, presents a two-point-Padé-approximant-based method for finding the bounds, and it also provides a method to prove the bounds in a new way. It not only recovers the estimates in Mortici's method, but it also provides new improvements of estimates obtained from prevailing methods. In principle, it can be applied for other inequalities.
Introduction
The Wilker inequality, which involves the trigonometric function
has been discussed in the recent past; see also [2, 3, 6-9, 11-15, 17-23] and the references therein, such as the following ones in [14, 18] :
2 + 16 π 4 x 3 tan x < f (x) < 2 + 8 45
2 + 8 45 -a(x) x 3 tan x < f (x) < 2 + 8 45 -b(x) x 3 tan x, 0<x < 1,
2 + 16 π 4 + c(x) x 3 tan x < f (x), (π -1)/2 < x < π/2,
f (x) < 2 + 16
where a(x) = Recently, Nenezić, Malešević and Mortici provided inequalities within the extended interval (0, π/2) [15] , e.g., Eq. (7) 
2 + 16 π 4 + c(x) x 3 tan x < f (x) < 2 + 16
where b 1 (x) = In this paper, we consider
instead of f (x), which is bounded for x ∈ (0, π/2]. Firstly, we present a two-point-Padé approximant-based method [1] to find the two bounding functions
such that
where l i (x) and r i (x) are unknown polynomials to be determined. Note that cos(x) > 0, ∀x ∈ (0, π/2), from Eq. (10), we obtain
Secondly, we also provide a new way for proving it.
The two-point-Padé approximant-based method and examples
Given
where p i , q i ≥ 2, α i,j and β i,j are the unknowns to be determined, and i = 1, 2; so there are n p = p 1 + p 2 + 2 and n q = q 1 + q 2 + 2 unknowns in L(x) and R(x) in Eq. (9), respectively.
For the sake of convenience, we introduce Theorem 3.5.1 in Page 67, Chap. 3.5 of [4] as follows.
Theorem 1 Let w 0 , w 1 , . . . , w r be r + 1 distinct points in [a, b] , and n 0 , . . . , n r be r + 1 integers ≥ 0. Let N = n 0 + · · · + n r + r. Suppose that g(t) is a polynomial of degree N such that
3,i (0) = 0, where j = 0, 1, 2, 3, i = l, r. By applying the constraints L 3 (π/2) = F(π/2) and L 3 (π/2) = F (π/2), we obtain c 9 = 
Results
This section finds other two bounding functions L(x) and R(x) to improve the bounds of Eq. (6) and Eq. (7). Combining Eq. (12) with Eq. (13), by setting p 1 = q 1 = 4, p 2 = q 2 = 5, In principle, more bounds can be found by setting different parameters in Eq. (12) and Eq. (13) . The main result is as follows.
Theorem 2 We have L(x)
Proof (1) Firstly, we give the bounds of sin(x), cos(x) and sin(2x).
and Q 3 (x) are polynomials of degree 12, 12, 13, 13, 15 and 15, respectively. By introducing the following constraints:
1,2 (π/2) = 0, i = 0, 1, . . . , 9, j = 0, 1, 2;
2,1 (π/2) = 0, i = 0, 1, . . . , 10, j = 0, 1, 2;
2,2 (π/2) = 0, i = 0, 1, . . . , 11, j = 0, 1;
3,1 (π/2) = 0, i = 0, 1, . . . , 13, j = 0, 1;
we can obtain P 1 (x) = x - 
2,1 (η 3 (x)) 14!
i.e.,
(2) Secondly, we prove that 4 
Note that l i (x) and r i (x) are polynomials of degree 3 + i, i = 1, 2, polynomials P 1 (x), Q 1 (x), P 2 (x), Q 2 (x), P 3 (x) and Q 3 (x) are of degree 12, 12, 13, 13, 15 and 15, respectively, by using Maple software, ∀x ∈ (0, π/2), we obtain
Combining Eq. (17) with Eq. (16), we have
2,206,700,496,000(π 4 -180π 2 + 1680) 2 
where 
, which means that
. Combining Eq. (17) with Eq. (16), we have From the above discussions, we have completed the proof.
Discussions and conclusions
In principle, one can prove that
, ∀x ∈ [0, π/2] in a similar way, where L i (x) and R i (x), i = 2, 3, are two bounding functions in Eq. (6) and Eq. (7), respectively. The maximum errors between F(x) and its different bounds are listed in Table 1. It shows that the bounds in this paper achieve a much better approximation than those of the bounds in Eq. (6) and Eq. (7). 
